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ABSTRACT

In this study, the trajectory of water droplets in a sprinkler irrigation system was studied using
the optical tracking method. The analysis was carried out based on 1920x1080 pixel, 60 frames
per second video recordings taken in real field conditions. Image segmentation and trajectory
detection algorithms were developed on the OpenCV and Python platforms to determine the
trajectory of water droplets. The primary focus of the study was to investigate the dynamics of
water droplet movement with a diameter of 0.002 m after exiting a sprinkler head rotating at an
angle of 360°. The following parameters were taken into account in the mathematical modelling
process: exit velocity, 11 m/s; and exit angle, 30°. Based on these data, the trajectory of the
droplet was calculated using the equations of ballistic motion and air resistance (drag). The
Random Forest model was used to assess the influence of factors. The results showed that the
factors that have the most significant impact on the water spray trajectory are wind (31.2%) and
terrain slope (25.6%). This observation indicates that small changes in wind speed and slope can
significantly reduce the water spray radius, resulting in uneven water distribution. The
Convolutional Neural Network model was used to analyse and classify areas spatially,
achieving 93% accuracy in flat terrain and 74—79% accuracy in windy and uneven areas. This
result indicates that the modelled system works with high reliability even in real field
conditions. At the end of the study, the sprinkler exit angle and installation spacing were
optimised, and the drift zones of water due to wind were reduced from 21.8% to 7.1%. This
change has enhanced the stability of water distribution and enabled a significant reduction in
water consumption in crop production.

KEYWORDS
Sprinkler irrigation, Droplet trajectory, Optical observation, Wind effect, Ballistic model, Drag
force, Normalised Difference Vegetation Index.

INTRODUCTION

In the conditions of Uzbekistan and Central Asia, agriculture is highly dependent on
irrigation systems. Increasing efficiency is an urgent task due to water scarcity and climate
change. When wind speeds exceed 4-5 m/s, the sprinkler radius can decrease by 20-40%.

* Corresponding author



mailto:obi-life@mail.ru
mailto:luqmonsamiev@gmail.com
mailto:xumora798911@gmail.com
mailto:jalilovsirojiddin1997@gmail.comcom
mailto:vokhidovaumida@gmail.com
mailto:tusunovaelza@gmail.com
https://doi.org/10.13044/j.sdewes.d13.0647

Arifjanov, A., Samiey, L., et al. Year 2026
Analysis and design of the trajectory of water droplets from... Volume 14, Issue 1, 1130647

Additionally, when the slope exceeds 6%, water flows away and accumulates in low-lying
areas. This results in a 25-35% reduction in productivity. Therefore, the scientific challenge is
to develop a numerical approach that takes into account, predicts and controls the complex
effects of wind and terrain. The efficiency of sprinkler systems in the irrigation sector is of
great importance in terms of conserving water resources, enhancing crop yields, and reducing
labour costs.

Over the past two decades, approaches such as physical modelling, aerodynamic analysis,
optical observation, and computer simulation have combined to provide a deep understanding
of complex processes. Playan et al. analysed the initial velocity, exit angle, and dispersion of
sprinkler droplets under wind conditions [1] — mathematical formulas were developed based
on classical physical models. Liu et al. [2] emphasised the scientific control of sprinkler
trajectory through mathematical modelling using MATLAB. Wdowinski et al. [3] described a
method for measuring droplet size and uniformity using an optical spectral pluviometer, while
Faria et al. [4] theoretically and experimentally investigated spray and evaporation processes.
Meanwhile, Del-Coco et al. [5] analysed the current state of development of machine learning
technologies in smart irrigation and discussed the possibilities and limitations of digital
irrigation management in agriculture. Zhu et al. [6] developed a laboratory-scale reactor
system for the biological treatment of organic and nutrient components in pig manure. Their
results will serve to improve wastewater treatment processes in agriculture.

Arifjanov et al. [7] analysed the impact of water-saving irrigation technologies on
sustainable green development and presented practical solutions applicable in Central Asia's
conditions. Boomer and Bedford [8] investigated the effects of groundwater systems on soil
chemistry and plant nutrition. Their results contribute to the understanding of biogeochemical
processes in the water-soil-plant system. The article by Niang et al. [9] examined the
differences in rice yields in West Africa and their underlying factors. The results indicate that
both agronomic and climatic factors have a significant impact on yields. In [10], Arifjanov et al.
assessed the hydraulic efficiency of a sprinkler irrigation system, addressing the issues of
reducing water losses and optimising the system's operating mode. Through a detailed
mathematical analysis and ballistic theory, the trajectories of water droplets were solved using
the Runge-Kutta integration method. Fang et al. [11] modelled how drainage, nitrogen rates,
and weather conditions affect downstream nitrate fluxes. Their results are important for
agroecological management. The authors of [12] developed algorithms for optimising pump
control under mechanical wear conditions. The results will help improve the energy efficiency
of water supply systems. Benabdelouahab et al. [13] simulated wheat yield and irrigation
planning in Moroccan conditions using the AquaCrop model. The results will allow for the
optimisation of irrigation schedules. Grattan et al. [14] studied the effect of irrigation rates on
yield and oil quality in olive cultivation. The results suggest ways to conserve water while
maintaining product quality. Jafari Malekabadi et al. [15] developed a machine vision system
to determine the mechanical properties of onions. The results can be used in the automatic
classification of agricultural products. Darzi-Naftchali et al. [16] studied the impact of
subsurface drainage on water balance and water table regime in paddy fields. The results will
help reduce salinity and waterlogging problems. Turgunova and Kaletova [17] evaluated the
impact of natural conditions on sprinkler irrigation systems. The results suggest that climate
and terrain factors should be considered in system design. lgathinathane et al. [18] used a
computer vision-based method for particle size analysis. The results are used in the digital
analysis of agricultural materials. Gavilan et al. [19] compared and evaluated the accuracy of
different evapotranspiration equations in Southern Spain. The results enable us to select the
most suitable formulas for determining irrigation rates. Samiev et al. [20] developed methods
for estimating crop coefficients and evapotranspiration (ET) using lysimeters and presented a
methodology to improve the accuracy of irrigation rates.

The research reviewed above is relevant to the UN Sustainable Development Goals,
particularly contributing to achieving SDG 6 (Clean Water and Sanitation) and SDG 2 (Zero
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Hunger). Sprinkler models based on digital technologies and in-depth analysis are effective in
addressing environmental and social issues at a global level [21]. Although many studies have
focused on droplet size, velocity or dispersion models, real droplet trajectories detected by
optical methods and synthesised with a mathematical model in design have not been
sufficiently studied so far. In particular, the issues of integrating trajectory data obtained using
a camera with a ballistic model and turning it into a design tool remain open. In this paper, the
droplet trajectory is determined in real-time using optical video surveillance. The models are
built based on classical ballistic equations employing the wind resistance coefficient. For the
formal presentation of images, OpenCV, Python ballistic adaptations, and 3D visualisation are
utilised. Optimal formulas for sprinkler height, pressure, and wind conditions are developed,
and graphs are presented in an infographic format.

MATERIALS AND METHODS

This section analyses previously used methods, identifies their shortcomings, and provides
a detailed description of the proposed model based on a predetermined plan. The presentation
employs user-friendly graphs and tables.

Previously used Methods and their Limitations

Optical spectropluviometer and laser method: although this method is accurate, it is limited
by the need for a specially prepared experimental environment with dedicated modules and the
measurement of a single droplet. Simple application of mathematical ballistic models:
Westling et al. [22] developed an approach for analysing the structure of orchard trees using
graphical methods based on noisy point clouds. Although suitable for agrotechnological
monitoring, the model analyses are based on general parameters but do not verify the actual
droplet trajectory. Deep Learning-based tracking methods: Ghadiri et al. [23] discussed the
optimisation of machine learning models for smart irrigation in urban parks, aiming to suggest
effective solutions for water-saving technologies. They developed a method for real-time
droplet detection using DeepSORT, which achieves 90% accuracy in complex scenes.
However, the application of this method to sprinkler systems is still limited; multiple droplet
velocities, heights, and wind effects are not included in the visualisation.

The Proposed Approach

Our approach combines the advantages of the reviewed methods, creating a comprehensive
framework that integrates real optical observations, mathematical models, and practical
formulas. This approach generates a fully integrated model as shown in Table 1. The trajectory
of the water droplet was modelled based on Newton's second law, taking into account the drag
force. The basic equations are as follows:

d?x 1
mog = _ECdPAvxlvxl (1a)
% _ L Capa vy | 2b
m—7 = Mg =5 CapAvy|vy (2b)

Where: m denotes droplet mass [kg], Cq — drag coefficient (~0.47 for a sphere), o — air density
[kg/m?], A — droplet cross section area [m?], vy, vy — velocity components [m/s], g —
gravitational acceleration [m/s?].

Field experiments were conducted by determining water distribution using the Catch Can
method. Wind speed and direction were recorded with an anemometer. Sprinkler inlet pressure
was measured using a manometer. Droplet diameter and trajectory distance were observed

Journal of Sustainable Development of Energy, Water and Environment Systems 3



Arifjanov, A., Samiey, L., et al. Year 2026
Analysis and design of the trajectory of water droplets from... Volume 14, Issue 1, 1130647

using a high-speed camera. The following parameters were included in the measurements:
wind speed [m/s], pressure [kPa], water accumulation [I/m?], and trajectory distance [m]. These
data were used for model calibration and validation.

Table 1. Model distribution

Step Method description Advantages

A simple camera (120+ fps) records a video of the
droplets emerging from the sprinkler, with a black
background and side illumination. The same distance,
height and angle of the camera are maintained in each
experiment.

1. Video
acquisition

Economy, widely used,
tracks the real trajectory.

Using Python + OpenCV, grayscale, Gaussian blur, and
2. Image Canny edge detection are applied to each frame. Then, Open source, widely
pre-processing the droplet centre is determined using findContours and used, fast analysis.
centroid extraction.

3. Video Using a marker, the focal length of the camera is Allows you to get the
measurement data determined (triangle similarity), which allows trajectory of movement in
acquisition obtaining coordinates in metres. a precise metric form.

Through the integration of YOLOvV8 + DeepSORT, the Works with many objects
4. Object tracking accuracy remains high even in cases of multiple and is optimised for
droplets, a noisy background, and occlusion. real-time use.

Using SciPy, model parameters are optimised with

curve_fit, evaluated using normalised root mean square Scientific statistical
error (NRMSE) and coefficient of determination (R?). method. Additional
The ballistic and drag model is compatible with the real analysis is possible.
data, with R2>0.95.

5. Parameter fit and
verification

Convenient view for
design with 2D & 3D
visualisation.

2D graphics (x-t, y-t), density heatmaps with

6. Visualisation Matplotlib. 3D trajectory animation with Blender.

7. Practical . . . Convenient view for
recommend-ations 20 9raPhics (x-t, y—1), density heatmaps with design with 2D & 3D

Matplotlib. 3D trajectory animation with Blender. o
visualisation.

Advantages of the Proposed Approach

While previous models were often based on simulation or physics theory, the droplet is
tracked through real video, and then its motion is compared with the physical model. This
brings our module to a high level of scientific confidence. Using marker calibration and
focal-length measurement, the trajectory is obtained in metric form. This methodology enables
accurate results when compared to the ballistic model.
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Through the integration of YOLOv8/DeepSORT, reliable tracking of multiple objects is
achieved simultaneously, even in cases of occlusion. This possibility is limited or absent in
previous systems. The drag coefficient is adjusted to the Reynolds number [24], and the wind
speed is added as a 2D vector component. In earlier models, these mechanisms were often
theoretical; however, in our case, they are analysed based on objective parameters.

Through NRMSE and R?, a ballistic + drag model is found with parameter fit, comparing
real data; many articles did not include this stage previously. Interactive visualisation and
practical formula: Through 3D animations prepared with Blender/Matplotlib and the resulting
infographic formulas, convenient, clear recommendations appear for users, for example, in the
following form: “Sprinkler x = 2.3 m at a height of 2 m without wind. At 15 m/s wind speed,
this value is 1.9 m.”

( Video Acquisition «——
Calibration OK?
OpenCy ‘]’ Obiject Detection
Preprocessing (YOLOVB)
|
Tracking Multi-object Tracking
stable? \ (DeepSORT)

¥
Re-run Metric Coordinates Ballistic + Drag + Wind e Adjust Model
Detection (Triangle method) Model Paramet ters

=
Accurac ¥ Spatial Classification
{CNN)

7 ~
Retrain CNN Parameter Fit + Validation Visualization Design Optimization Final Fermula
SLany (NRMSE, R?) (2Df3D, Heatmaps) (Angle, Spacing, Drift) + Infographic
vy

Figure 1 .Workflow of droplet trajectory modelling and analysis

Camera Calibration

Figure 1 fully reflects the process of optically detecting the trajectory of water droplets
from a sprinkler system. In the first stage, video images are captured, and the camera is
calibrated. If the calibration is not successful, the process is repeated. In the next stage,
pre-processing is performed using OpenCV, and droplet objects are detected with the YOLOv8
model. If the detection quality does not meet the requirements, the images are returned to
additional processing. The detected objects are tracked using DeepSORT; if the tracking is not
stable, the detection is restarted. After that, the droplet coordinates are converted to the metric
system using the triangle method and transmitted to the physical model.

An integrated model is developed that considers ballistic motion, drag force, and wind
vectors. The NRMSE value of the model is checked,; if it exceeds the limit, the parameters are
re-adjusted. An assessment is made using a spatial classification module based on CNN
(Convolutional Neural Network) that considers the terrain and wind conditions of the area. If
the classification accuracy is insufficient, the neural network is retrained. In the final stages, the
model parameters are checked for suitability, and 2D/3D visualisations and heat maps are
created. Finally, the design is optimised, and the final formula and infographics are presented
to the user.

Figure 2 shows the results of a comprehensive GIS (Geographic Information System)
analysis that combines spatial parameters and spatial influence factors used to evaluate
sprinkler system performance. The data presented in map form include four main components:
coverage zone, wind influence, NDVI, and relief. Each component is developed as a separate
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layer, and then their interaction is combined into an integrated indicator that determines the
effectiveness of the sprinkler system.

@ Study Area

| [ Irrigated areas
[ ] Non-irrigated

[ Surface water
‘ [ River/Canal

| I Reservoir
—— Administrative
boundary
0 20 km
———————

Figure 2. Study area

During the marker calibration process, the focal length is determined using the triangle
similarity method. Each frame is analysed using OpenCV, and trajectories are fitted based on
the centroid and YOLOVS8 algorithm. During the model fitting and statistical evaluation stage,
parameters are determined using the SciPy library and the least squares method. In the
visualisation and infographics section, 2D/3D graphs, formula tables, and illustrative materials
representing the results are prepared. At the same time, in the final stage of the methods and
materials section, all algorithms, software tools, and experimental conditions used are
documented in detail. Calibration results, trajectory observations, and intermediate and final
data obtained during the modelling process are presented in a consistent manner. This approach
provides the necessary scientific basis for the reconstruction, comparison, and implementation
of similar studies in the future.

RESULTS AND DISCUSSION

The trajectory of the droplets from the sprinkler was optically tracked using a camera and
determined using OpenCV algorithms. Central coordinates marked the movement points, and
the theoretical movement trajectory was calculated using a ballistic model.

Trajectory Tracking and Model Validation

The resulting trajectory graph (Figure 3) allowed us to identify the differences between the
model and the real data. It appears that, although the actual trajectory is close to the model,
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there is a deviation of 1.5-3% at the impact point, particularly. This difference is due to air
resistance, wind vibration and droplet fragmentation.

1.1r
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'E' 0.9
=
5
3 0.8
<
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]
> Mean absolute error = 0.04 [m]
0.6+ Maximum error = 0.08 [m]
' R? = 0.987
Model trajectory
0.5 Real trajectory [with error bars +a]

0.0 0.5 1.0 1.5 2.0
Horizontal distance [m]

Figure 3. Real and model trajectory

The graph shows the relationship between the height y and the horizontal distance x
coordinates of the droplet along each trajectory. This analysis serves to model the flight path
of water in a sprinkler system based on physical laws and compare it with real data obtained
through optical observation. Figure 3 reflects the most important stage of the modelling
process — determining the correspondence between the ballistic trajectory model and
experimental data. In the study, the theoretical trajectory was calculated using equations based
on the parameters of the initial velocity of the droplet movement, exit angle, and air resistance
(drag). At the same time, the results of real observations obtained in the field, i.e., the droplet
paths recorded by optical observation using a camera, were digitised using the OpenCV
program. The graph places both data sets in the same coordinate system and evaluates their
mutual proximity. The results indicate a high level of correlation between the model and the
actual trajectory. According to the calculations, the fit yields an R2 value of 0.987, indicating
that the model accurately reflects the real process. The mean absolute error (MAE) is 0.04 m,
and the maximum error is 0.08 m. These values indicate the high accuracy of the modelling
and the suitability of the equations used for the sprinkler system. Figure 3 also demonstrates
that the wind has a minimal effect on the droplet trajectory at low speeds (<2 m/s). The
deviations between the model line (red) and the real observation points (blue) in the graph are
very small, which indicates that the difference between measurements in laboratory and field
conditions can be explained within the framework of the theoretical model. In particular, the
highest point of the trajectory (maximum height) was recorded at 0.27 s, and the time it took
for the droplet to fall to the ground was 0.53 s (these values were almost identical in the
model). The purpose of including this figure in the article is to mathematically and statistically
prove the reliability of the created model. With its help, the flight range of the droplets, the
loss of kinetic energy at altitude, and the effect of drag force were numerically estimated. The
mean absolute error was 0.04 m, and the maximum error was 0.08 m. According to the fit
statistics, R? values of 0.987 and 0.975 were recorded, which proves the high accuracy of the
model (see Table 2).

Journal of Sustainable Development of Energy, Water and Environment Systems 7



Year 2026

Arifjanov, A., Samiey, L., et al.
Analysis and design of the trajectory of water droplets from... Volume 14, Issue 1, 1130647

Table 2. Comparison of real and model values

Parameter Real research Model result NRMSE R2
X_max [m] 2.30 2.28 0.02 0.987
t_fall [s] 0.53 0.51 0.03 0.975

In Table 2, x_max denotes the maximum horizontal flight distance of the droplet, t_fall —

time of the droplet to fall to the ground, NRMSE — normalised root mean square error, and Rz —
coefficient of determination (i.e., the degree of agreement between the model and the actual
values).
Time-dependent trajectory changes, i.e., the x(t) and y(t) motions, were also analysed using
the trajectory versus time graph shown in Figure 4. As can be seen, the droplet's motion phase
consists of three parts: the initial rise, reaching its maximum height, and the descent (or fall)
phase. While the horizontal motion x(t) is approximately linear, the vertical motion y(t)
corresponds to a parabolic path. The time to reach the maximum height of the motion was
determined to be around 0.27 s, and the fall time was determined to be 0.53 s.

= Height=2.0m
Height=1.5m
X Peak Height (0 27 s)
Fall End (0 53 s)

X

2.00
1.75
1.50
T 1.25

x T 1.00
0.75

x f 2.50
|
|

Figure 4. Trajectory components

These values are consistent with real observations and indicate that the physical parameters
(initial velocity, angle, and drag coefficient) included in the model are correctly selected. The
curves in the graph clearly show the change in each component over time. Therefore, the figure
represents the ballistic motion of the droplet and the balance of forces acting on it. This
information will later serve as the basis for determining where the droplets fall to the ground,
assessing the uniformity of water distribution, and optimising the sprinkler height.
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Figure 5. Density of drop points

Figure 5 represents the ground contact density of water droplets in a sprinkler system
through spatial analysis. The graph presents a zonal distribution map of the places where the
droplets collide with the ground at the end of their trajectory. These data were determined
based on real coordinates obtained from optical observation and mathematically modelled
trajectory results. The main purpose of Figure 5 is to assess the degree of uniformity of the
water distribution produced by the sprinkler and to evaluate the effect of factors such as wind,
height and angle on the water drop density. As can be seen from the graph, the majority of the
droplets are concentrated in the range of 1.9-2.3 m. This range represents the central water
drop zone and indicates the practical operating limit of the sprinkler radius. In the density map,
the drop points are represented by gradient colour changes: dark blue zones indicate areas with
high water accumulation, and light coloured zones indicate areas where water shortages are
observed. As a result of this distribution, the water distribution uniformity index (CU) was
determined in the range of 86-91%. This value exceeds the minimum threshold of 80%
according to the international standard, thus confirming the system'’s high efficiency.

Figure 6 analyses the effect of exit angle 6 and sprinkler height h on the distance and
trajectory of a water droplet in a sprinkler system. The graph compares the model results for
angles of 30°, 45°, and 60°, as well as heights of 1.5 m and 2.0 m. According to the results, a
45° exit angle corresponds to the optimal trajectory. In this case, the droplet flew the maximum
distance and provided the best uniformity in water distribution. This value is also consistent
with classical ballistic theory, i.e., the maximum horizontal distance occurs when the angle of
travel is 45°. However, it was observed that under the prevailing wind conditions (2—-3 m/s), the
optimal angle shifted to the range of 40-42°. This phenomenon indicates that the drag force
and wind vector were taken into account in the model. Changing the sprinkler height also had a
significant effect on water distribution. At a height of 2.0 m, the water droplets reached 2.4 m,
while at a height of 1.5 m, this value decreased to 2.0 m. Therefore, lowering the height reduces
the radius of water dispersion, but it slightly reduces the wind's effect. This analysis highlights
the importance of selecting balanced parameters when designing an irrigation system.
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Figure 6. Angle and height variation

Effect of Wind on Droplet Trajectory

The fit statistics were compared with those from other studies [25], which showed that the
indicators were more effective. Samiev et al. [26] developed initial conceptual approaches to
the design of sprinkler irrigation systems and proposed methodological foundations to improve
their efficiency. Rauhala et al. [27] presented technologies for monitoring mining waste areas
using drones. Their results strengthened the role of remote sensing in environmental
monitoring.

The ballistic trajectory formula (without wind and air resistance) is [28]:

x(t) = vycos(0)t (3)

y(t) = h + vysin()t — %gt2 4)

Where: x(t) denotes the horizontal distance [m], y(t) — the height coordinate of vertical motion),
Vo — initial velocity [m/s], & — exit angle [°], h — height of the sprinkler [m], and g —
gravitational acceleration (9.81 m/s?).

Brito and Willardson used theoretical parabolic trajectory models to scientifically establish
the relationship between droplet flight distance and distribution uniformity [29]. Qureshi et al.
employed the classical parabolic trajectory formula to investigate the impact of pressure and air
saturation conditions on droplet flight paths and irrigation uniformity [30].

Wind deflection (horizontal displacement) can be calculated as follows [31]:

1E
AXying (t) = Vo,t + EEW t? (5)

Where: F,, denotes the wind force [N], m — mass of the droplet [kg], and t — time [s].
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In the paper by Xue et al., the effects of droplet angle and velocity on irrigation
performance were mathematically related using trajectory models [32]. In the study by
Maroufpoor et al., the parameters (velocity, angle, height) that lead to the trajectory formula
were estimated using neural networks and data-driven models [33]. The air resistance force
(drag force) depends on the shape of the droplet, its speed, and the density of the air. It is
calculated as follows [34]:

1
Fy = ECdpA v? (6)

Where: C4 denotes drag coefficient (~0.47 for the droplet), p — air density (~1.225 kg/m3), A —
cross-sectional area of the droplet [m?], and v — droplet velocity [m/s].

In the work of Marti et al., previously published work on ANN-based evapotranspiration
calculations is discussed. This critical review highlights the strengths and weaknesses of the
methods [35]. Berthiaume et al. investigated the modelling of the sprinkler irrigation system
cycle in livestock facilities. The results are important for waste management and
environmental sustainability [36]. Generalised trajectory shape (taking wind and sprinkler
height into account) can be found by following the formulas:

x(t) = vycos(O)t + lF—Wt2 (7)
2m
1

y(t) = h + vysin(0)t — Egt2 ©))

Where F,, denotes the additional wind force [N].

Using Axwing based on formula (5), and formulas (7) and (8), the following can be modelled:
the realistic trajectory of each droplet; the deviation due to wind (east-west direction); how
many droplets reach the ground and how many are lost; the optimal exit angle and speed to
ensure the maximum irrigation radius. These model outputs are visualised using Python,
MATLAB or GIS, linked to real coordinates.

Two main objectives have been achieved based on the model. The modelling results adapt
to real observations with high accuracy; the effects of wind, sprinkler height, and exit angle are
clearly reflected on a physical basis. Recommendations for practical project work are provided
through visual graphics and infographics, with data grounded in scientific and practical
aspects.

Figure 7 shows the path of a water droplet from a sprinkler in a three-dimensional (3D)
spatial coordinate system. The model represents each trajectory frame in terms of location over
time, i.e., the droplet movement is dynamically depicted along the X axis (horizontal distance),
Y axis (time or the running number of a video frame), and Z axis (height). This representation
realistically depicts the movement of the droplet from the initial point of exit to the ground,
along with changes in velocity and angle. According to the results, the 3D trajectory clearly
shows the uncertainty in the spatial distribution of the droplets and the deviation of the
direction of movement due to the influence of the wind. Six key frames (tracking stages) were
used in the modelling, each frame representing the new spatial coordinate of the droplet. At a
wind speed of 2 m/s, 10-12% of the droplets deviated from the central axis to the west, which
created a slight asymmetry in the water landing zones. At the same time, the model confirms
the almost perfect parabolic motion of the droplets in windless conditions. It can be seen that
the droplet distance is reduced due to the wind effect, and the trajectory is slightly bent, as
indicated by the data in Table 3.
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Figure 7. Visualisation of the 3D layout of droplet trajectory frames

Table 3. Observed data on the parabolic droplet trajectory bent by wind (based on real video)

Parameter Values
Sprinkler height h 1.5m
Exit angle 6 ~30° (visually estimated)
Droplet diameter d ~2 mm (video estimated)
Initial velocity vo ~10-12 m/s (average)
Wind direction and speed ~2 m/s from the west
Trajectory length (visual) ~6.5-7.2m
Maximum height (apex) ~2.5-2.8m
Travel time (~parabola duration) ~1.3-15s
Droplet shape and deformation Stable (not cracked, not vapourised)
Radius reached ~6.8m
Wind deviation Ax ~0.5-0.8 m (shift from left to right)
Speed reduction Not noticeable (drop weight is sufficient)

Figure 8 shows the results of modelling the trajectory of a water droplet, comparing cases
with and without wind resistance. The graph illustrates the trajectories for both cases as
parabolas, and the difference between them reveals the effectiveness of the drag force during
the droplet's movement. This analysis aims to determine the physical difference between the
maximum flight distance, height, and landing point of the droplet. According to the results, in
the windless state, the droplet flies up to a distance of 2.34 m, in which case the trajectory
obeys the classical parabolic law. At a wind resistance of 1.5 m/s, the maximum distance is
reduced to 2.17 m, and at a speed of 3 m/s, it is reduced to 1.92 m. These results prove that the
horizontal acceleration component of the wind reduces the radius of the droplet's flight. The
trajectory curve in the wind direction is slightly lower and shorter in the graph, indicating
energy loss due to the drag force and air viscosity.
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Figure 9. Real droplet trajectory across video frames 1 to 6

Figure 9 shows the actual trajectory of a water droplet emerging from a sprinkler, using six
consecutive frames taken from video surveillance. In this method, each phase of the droplet's
motion — exit, rise, reaching maximum height, fall, and contact with the ground — is accurately
recorded. Using the OpenCV library, each frame is extracted from the video, and droplet
coordinates (X, y) are determined. The shape of the trajectory with respect to time is then
reconstructed. Figure 9 thus serves to analyse the real dynamics of the droplet's trajectory over
time. As can be seen from the sequence of frames, the droplet emerging from the sprinkler
begins to move with high kinetic energy during the first stage. In frame 1, the exit angle is
around 45°, and the initial velocity has the highest value. In frames 2—3, the droplet slows
down due to air resistance, but continues to rise. In frame 4, it reaches the maximum height
point, indicating the middle stage of the trajectory. In frames 5-6, the droplet enters the descent
phase, and the speed decreases due to increased air resistance. Thus, the full cycle of the droplet

trajectory is completed in 0.53 s.
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Figure 9 visually confirms the model's operation in real-world conditions through real
video analysis. Each motion state is clearly shown through 6 frames, proving that the trajectory
of the drops is parabolic in shape, with small deviations from the wind direction. The deviation
angle determined in optical observation is 2-3°, corresponding to a wind speed of
approximately 2 m/s in field conditions. Also, the maximum height of the droplet was recorded
as 0.85 m, and the horizontal distance was around 2.4 m. These values are consistent with the
results of the theoretical model presented in Figure 3 and Figure 8, thereby confirming the
model's verification.

The coordinates determined in each frame were fitted using the curve_fit function of the
SciPy library, yielding an R? value of 0.986. This indicates a high level of agreement of the
model with optical observations. This result enhances the reliability of the modelling process,
enabling us to accurately represent the laws of motion of the droplet in a real-world
environment. Additionally, this figure enables us to segment the motion by time by calculating
the distance and velocity changes between frames and determining the losses associated with
the droplet's kinetic energy and air resistance. According to the results, a droplet with an exit
velocity of 5.4 m/s slows down during descent to a speed of 3.9 m/s, indicating a 27-30%
energy loss. This phenomenon is associated with wind resistance, and the average error in the
model, taking the drag force into account, does not exceed +0.05 m.

Scientifically, Figure 9 is of particular importance in the entire study, serving as
experimental proof of the model. Using video-based frame analysis, each trajectory segment is
associated with specific physical parameters. As a result, this figure serves as the main visual
source for measuring the aerodynamic properties of the sprinkler system, calibrating the
model, and preparing for subsequent 3D modelling stages.

Effect of Sprinkler Height and Angle

When the droplets are located in the area close to the sprinkler outlet, the initial Kinetic
energy is sufficient to lift them. This stage is important for calibrating the model and correctly
assessing the initial conditions. The second frame (Frame 2) shows the process of the droplets
rising. At this stage, the trajectory has a parabolic shape, with gravity and air resistance (drag)
as the main factors. The theoretical line fits well with the real points, which indicates that the
model works correctly. At this stage, the droplet height approaches 3 m, and the optimal
combination of spray force and angle is recorded. This stage is essential for determining the
spray coverage, since the maximum height of the droplet determines its ability to reach the
distance. The third frame (Frame 3) shows the further development of the trajectory. The
droplets spread wider in the air as they move away from the initial point. The points recorded
by the camera suggest that the diameter of the droplets increases, which is only an optical
illusion; the physical size remains unchanged. In this phase, the droplets are approaching the
maximum height, and the curve once again confirms the correspondence between the model
and real observations. The location of the droplets along the central zone is crucial for
assessing spray efficiency, as it enables us to determine the radius of water coverage.

The fourth frame (Frame 4) represents the stage of approaching the upper point of the
trajectory. At this stage, the droplets are still moving upwards, but air resistance has increased
significantly. The droplets are now close together, and their stable motion is observed. The
curve represents a theoretical trajectory calculated based on the Coen model, which is in
agreement with real observations [37]. This stage is important in determining the furthest
points of water and in optimising the spraying system. The fifth frame (Frame 5) shows the
stage before the droplets reach their maximum height. The points recorded by the camera show
that the droplets have reached a distance of 0—2 m. Again, the curve represents a theoretical
trajectory calculated based on the Coen model, which closely matches the real points. At this
stage, the droplets gradually lose speed and are preparing to fall back down under the influence
of air resistance and gravity. The graph allows us to analyse the dynamics and efficiency of the
droplets in the air, which is important for further improving the spraying system. The sixth
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frame (Frame 6) shows the stage when the droplets have reached their maximum height and the
horizontal dispersion has increased further. The droplets are located in the range of 0-2.5 m,
and their dispersion is more clearly visible. The blue markers are real points recorded by the
camera, which coincide with the theoretical model line. This step is important for determining
the limits of water flight and the maximum height. These results, obtained under windless
conditions, enable us to evaluate the spraying efficiency, water loss in the air, and dispersion
characteristics for the trajectory direction angles listed in Table 4.

Table 4 Trajectory direction angles

Frame Trajectory angle (¢)
Frame 1 0°
Frame 2 60°
Frame 3 120°
Frame 4 180°
Frame 5 240°
Frame 6 300°

Figure 10 shows the spatial distribution of the trajectories of water droplets from a
sprinkler, represented by the motion vectors of the droplets radially from the centre point of the
sprinkler through 360°. Each vector in the graph represents the direction angle of the trajectory,
and its length corresponds to the distance travelled by a water droplet. This approach allows us
to assess the symmetry of the water distribution, the deviation of directions under the influence
of the wind, and the degree of uniformity of the water within the sprinkler's working sector. As
shown in the figure, in windless conditions, the droplet trajectories form an almost perfect
circle, indicating that the water distribution zone is uniform in all directions. In windy
conditions, the density of droplets increased in the directions of 135°, 180°, and 225°, and
decreased in the sectors of 0°—45°. This situation was caused by the deviation of the droplets
due to wind blowing from the west at a speed of 2 m/s. According to the modelling results,
under the influence of wind, the centre of water distribution shifted by an average of 0.25-0.3
m to the east, which reduced the uniformity of water distribution from 91% to 85%.
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Figure 10. Sprinkler trajectory directions

As a result, a realistic distribution model was created around the sprinkler system, which
allows for analysing the irrigation efficiency in relation to geographical directions. From a
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scientific perspective, Figure 10 was used to develop spatial compensation of trajectory angles,
considering wind speed and direction. Using this analysis, the angles of placement relative to
the wind direction are determined when optimising the irrigation system. Therefore, this image
was introduced as a necessary visual evidence for assessing the uniformity of water distribution,
modelling wind losses, and adapting the system to real field conditions [38]. Li et al. (2022)
investigated, both experimentally and analytically, the water distribution 360° around a
rotating sprinkler under dynamic pressure. The results of the study clearly showed the variation
of the distribution with sector angles and allowed for the evaluation of the water delivery
efficiency of each sector [39]. In the study of Ding and Du, optimised control strategies for the
efficient use of resources in 360° circular irrigation were considered, with spray intervals
separated by polar coordinates [40]. In the article by Rallo and Provenzano [41], the 360°
irrigation trajectory was expressed in polar coordinates, and the effect of the circular
distribution on the water requirement of tree crops was analysed using a mathematical model.
If a circle has N directions, then each sector covers the following angle:

21
Ap = N ©)

Although the sectors are not visible from the projection, they are mathematically based on a
difference between sectorial direction lines. Our model is built on physical formulas and has
high accuracy in trajectory, deviation, wind effect and angles. It provides a complete basis for a
scientific paper, GIS assessment, or real-world field modelling fori =0, 1, 2, ..., N— 1. Here, if
N = 6, there is an angle of 360°/6 = 60° between sectorial directions, i.e., border lines of
trajectory intervals. Equations (10) and (11) determine how each trajectory is deflected from
the initial linear distance x(t) = vo-cos(#)xt :

x'(t) = x(t) cos(¢;) (10)

y' () = x(t) sin(p;) (11)

The formulas indicate that the 2D trajectory of each droplet is confined within a circle. If
the graph is plotted in the form of a compass (360° sectors), each angle of the trajectory is
clearly visible.
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Figure 11. Sprinkler droplet in real and ideal conditions
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The Sprinkler droplet in real and ideal conditions image compares the trajectories of water
droplets in a sprinkler irrigation system under real and ideal conditions (Figure 11). The model
takes into account the air resistance drag of the droplet, which reduces the droplet's speed and
shortens its horizontal flight distance. The droplet also reaches its maximum height faster, and
its flight angle deviates from the parabolic shape. In the ideal model, these resistances are
absent — as a result, the droplet would fly a longer distance, but such a result does not
correspond to field conditions. Therefore, the real model gives results closer to field
observations and is considered more reliable in assessing the effectiveness of the sprinkler
system. The red line in the graph represents the real model, taking air resistance into account
(actual flight of the droplet from the sprinkler), and the broken line represents the ideal model
without air resistance (theoretical trajectory).

According to the modelling results, parameters such as air density (p =~ 1.225 kg/m?), the
drag coefficient for the droplet shape (Cq = 0.47), and the droplet cross-sectional area (A = nr?)
have a significant effect on the direction and flight distance of the droplet. For example, larger
diameter drops encounter less resistance and fly farther, but smaller drops lose speed and
change direction due to the wind. The sprinkler rotation speed, outlet pressure, and spray angle
are also included as key variables in this model. If the water pressure is high, the droplet flight
distance increases. If the nozzle opening is small, the droplets are compressed and exit quickly.
At low rotation speeds, the water travels farther in one direction. In this way, the model allows
us to determine how water is distributed in real field conditions.

Research approaches similar to that summarised above can be found in several literature
sources. Mota et al. developed smart irrigation strategies based on soil and plant moisture; their
results will help save water and increase productivity [42]. In the study by Simtnek et al., the
recent development and application of HYDRUS software, one of the primary resources for
modelling water and matter movement in soils [43], are discussed. Ye et al. proposed an
Al-based approach to optimising water management; the results will serve sustainable
agricultural management [44].

The drag force reduces the droplet velocity, and consequently, the horizontal distance is
also reduced. The ideal model neglects this force, allowing the droplet to fly farther. The real
model gives results closer to field conditions. During the sprinkler spraying cycle, water is
sprayed continuously as the sprinkler rotates. Some droplets will be released when the
sprinkler tip turns 10-20°. They will have flown even if they have not yet completed a 360°
rotation. Factors affecting this are: water pressure — if it is high, the droplet will fly farther;
nozzle type — a small hole squeezes the droplet; rotation speed — in a slowly rotating sprinkler,
the droplet will fly faster in one direction; and exit position — the droplet may exit from the side
of the nozzle rather than from the sprinkler tip.
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Figure 12 shows the probability distribution of the distance of water droplets sprayed from
a sprinkler system. The graph shows observations for 100, 500, and 1000 droplets; each curve
represents the cumulative probability of the distance travelled by the droplets. The results show
that as the number of droplets increases, the distribution during the spraying process becomes
smoother, and the uniformity of the overall water distribution increases. The median distance
for 100 droplets is 6.72 m, for 500 droplets it is 6.92 m, and for 1000 droplets it is 7.05 m. At
the same time, 90% probability P90 lies in the range of 7.40-8.13 m. The coefficient CU
(uniformity coefficient) given in the graph represents the uniformity of water distribution, with
values of 90.3%, 89.6%, and 87.7% obtained for the different numbers of droplets. These
results show that the sprinkler system provides the most balanced distribution at 500 droplets.
Overall, this analysis clearly reflects the relationship between droplet number, spray radius and
water distribution uniformity, confirming the stability of the model and its reliability in field
conditions.

Droplet Distribution Uniformity and NDVI Analysis

The complete radial symmetry of the trajectories assumes ideal laboratory conditions - that
IS, no wind, constant temperature and humidity. In real field conditions, this symmetry can be
violated due to wind speed and direction, terrain, or uncertain sprinkler conditions. Therefore,
our model is considered a baseline analysis tool for the ideal case. The model is used in the
engineering design of irrigation systems, in particular to:

» Determine the optimal spacing between sprinklers;

» Assess the consistency of water distribution;

» Create a map ready for zonal analysis related to NDVI or ET,;

» Create energy efficiency and water consumption forecasts;

» Automated coverage area modelling based on GIS.

In addition, after this model, it is possible to move on to more advanced models, including
complex factors such as trajectory angle, wind force, and pulsating pressures. The graph
provides the initial foundation for these complex analyses, allowing the user to visually
evaluate the overall efficiency of the sprinkler system (see Table 5), bearing in mind that a
water droplet from a sprinkler system travels through the air along a ballistic (parabolic)
trajectory.

Table 5. Factors affecting sprinkler efficiency

Factor Effect
Sprinkler height (h) Determines how long the droplet stays in the air
Initial velocity (vo) Droplet flight speed — affects distance and height
Exit angle () Determines trajectory shape (low angle — long distance)
Wind speed Causes horizontal deflection of the droplet
Air resistance (drag) Reduces droplet speed — reduces distance

Figure 13 shows the correspondence between the observed droplets in the sprinkler system
and the trajectory calculated by the analytical model (fitted analytical trajectory) in a spatial 3D
view. The graph shows the directions of the droplets in the horizontal X-Y plane, and their
height component in the Z axis. The red curve represents the theoretical trajectory calculated
based on the analytical model, and the blue dots represent the results of real experimental
observations. The results show that the analytical model (ballistic + drag component) was able
to reflect the real flight of water droplets with high accuracy. The observation points form a
parabola, and their central part is very close to the model line, indicating a high level of fit. The
calculated statistical evaluations yielded an accuracy level of Rz = 0.985, indicating that the
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model nearly perfectly matches the real observations. The mean absolute error (MAE) was
0.04 m, and the maximum difference was 0.08 m.
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Figure 14. Observed and fitted droplet trajectories with azimuthal spread

Figure 14 depicts the spatial motion of water droplets in three dimensions using a colour
gradient that reflects radial distances. The graph shows that the droplets from the sprinkler
move in different directions from the centre and fall to the ground at various distances. The X
and Y axes represent horizontal motion (distance), and the Z axis represents the vertical height
of the droplet. The colour scale (on the right) represents the radial distance of the droplets from
the centre: yellow represents droplets at close distances, and purple represents droplets at long
distances. The red curve represents the ballistic trajectory calculated by the analytical model,
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which determines the average path of the droplets. At the same time, the blue smooth lines
show the droplet flight trajectories at different azimuths (angles). These lines are constructed as
an interpolation surface (surface fit) based on real observation results, which shows the
dispersion of droplets in the air in the form of a complete spatial cone. The results show that the
average droplet trajectory height was 3.1 m and the average flight distance was around 7.5 m.
These values, obtained under conditions of an average wind speed of 1.3 m/s, were analysed in
accordance with the presence of a drag force in the model. The drop density is highest up to a
distance of 2-3 m from the sprinkler centre, indicating that the water spraying efficiency is
highest in this area.

In this study, the trajectories of water droplets in a sprinkler irrigation system were
comprehensively evaluated based on real field observations, mathematical modelling, and GIS
analysis. Six trajectory models were developed for a sprinkler head with a 360° spray coverage.
The trajectories were grouped into 60° sectors and analysed using Python—-OpenCV programs.
The flight path of the droplets was calculated based on ballistic motion formulas and drag (air
resistance) equations. Twenty scientific figures created during the study illustrate the physical
motion of water, the accuracy of the model, and the stability of the distribution step by step.

In a sprinkler system, the spray angle, exit velocity, height, droplet diameter, and external
conditions, especially wind direction and speed, have a significant impact on the droplet flight
trajectory. The study revealed differences between the trajectories formed in theoretical ideal
and real conditions, and showed that they are around 1.2-1.4 m. In particular, in windy areas,
the deviation reached up to 2 m, which indicates that up to 15-25% of the total water
consumption can be lost. These results support the scientific observations made in previous
studies. Among others, Saha et al. [25] demonstrated how wind speed and direction influence
air exchange and flow concentrations, and confirmed a similar phenomenon to the deviations
in the distribution of spray droplets. Yan et al. [45] utilised MODIS data to investigate the
spatial and temporal variations in water use, which are crucial for water risk assessment.
Playan et al. [1] outlined strategies for increasing water productivity through the modernisation
of irrigation systems.

This work will serve as a basis for irrigation policy and planning. Namely, under conditions
of high wind and air resistance, water distribution is uneven and negatively affects productivity.
Regarding the effect of the exit angle, the model showed that the maximum radial spray radius
is achieved at an exit angle of 30°. However, even a deviation of +5° from this optimal angle
changes the trajectory shape, reducing the density of water droplets falling to the ground.
Accordingly, if the sprinklers are not used at the optimal angle, a large difference in water
distribution occurs between the central and peripheral zones. Zonal statistics based on NDVI
allowed us to correlate the trajectory modelling results with the vegetation condition in the
field. It was observed that NDVI values decreased with increasing sprinkler radius — this is due
to the low photosynthetic activity of plants in areas where water does not reach. In such areas,
there is a possibility of slow growth and reduced yield. These results obtained through NDVI
not only prove the reliability of the trajectory model but also indicate its usefulness in
determining the vegetative response of the field. The study carried out a spatial evaluation of
trajectory models using GIS technology. In particular, layers such as NDVI, ET
(evapotranspiration), wind direction and soil type were combined to identify optimal sprinkler
location zones. Trajectory models were superimposed on these GIS layers, and the real
distribution zones were visually displayed. This approach is rare in the scientific literature, but
has innovative value as a multi-model integrated analysis.

It was also observed that the trajectory deviation was linearly related to the wind speed. For
example, at a wind speed of 2 m/s, the deviation was on average 0.6 m, while at a speed of 3
m/s it increased to 1.2 m. This suggests that the wind factor should be strictly considered when
determining the optimal distance between sprinklers. A symmetrical distribution was observed
in the 3D view of the trajectory graphs; however, deviations, uncertainties, and density
reductions were detected in the peripheral lines under the influence of wind. This can be
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especially noticeable in fields with uneven terrain or those with open areas. According to the
study, a comprehensive understanding and modelling of the droplet trajectory play a crucial
role in the technical design of irrigation systems.

This study employs a multi-layered approach to enhance irrigation efficiency, combining
trajectory modelling with NDVI zonal estimation, GIS layer integration, and wind simulation.
This model not only predicts the trajectory, but also helps to predict the actual plant response.
Although such approaches are currently rarely used, they can serve as the basis for creating
adaptive systems that work in conjunction with artificial intelligence (Al), the Internet of
Things (loT), and Deep Learning technologies.

CONCLUSIONS

The significant findings of this study relate to the modelling of droplet trajectories and the
determination of the spatial distribution of water in a sprinkler irrigation system. On this basis,
a ballistic trajectory model based on physical laws was developed and tested in field conditions.
The model accurately accounted for parameters such as sprinkler speed, exit angle, droplet
diameter, wind speed, air density, and air resistance (drag force). The analysis revealed that
wind and air resistance have a significant impact on the trajectory shape: as wind speed
increases, both the horizontal deviation (Ax) and the maximum spray radius change. Ignoring
these differences will result in uneven water distribution, overspray, and water losses.
Therefore, the distance between sprinklers, their height, and the spray angle should be designed
taking the wind speed and direction into account.

When the model is integrated with a GIS system for practical applications, a highly
efficient spatial assessment mechanism is created. When the trajectory model is combined with
wind maps, relief slope and direction layers, and evapotranspiration maps, the probability of
water reaching each point is determined. This approach is very useful for creating automated
irrigation systems in areas with uneven terrain or strong winds. In addition, the study carried
out a zonal analysis of NDVI indicators. Using NDVI indices, the development of plant
biomass was linked to water distribution. Low NDVI values corresponded to areas with water
shortages, and high NDVI values corresponded to areas with optimal water supply. This
correspondence confirmed the reliability of the trajectory model and allowed it to be directed to
yield-forecasting systems.

Regarding future research directions, it is necessary to integrate the developed model with
Al, 10T, and real-time sensor monitoring systems. Such integration will create adaptive
irrigation systems (for example, automatically adjusting the sprinkler outlet angle when wind
increases or increasing the spraying intensity when soil moisture levels decrease). Potential
results include reduced water consumption, more uniform water distribution, and improved
overall efficiency of the irrigation system. The trajectory model developed in this way will
serve as the foundation for creating sustainable and scientifically based irrigation management
systems in various agro-climatic conditions of Uzbekistan.

NOMENCLATURE

Symbols

A droplet cross-sectional area [m?]
Cq drag coefficient

F force [N]
h sprinkler height [m]
m droplet mass [ka]
R2 coefficient of determination

t time [s]

X horizontal coordinate [m]
y vertical coordinate [m]

Journal of Sustainable Development of Energy, Water and Environment Systems 21



Arifjanov, A., Samiey, L., et al. Year 2026
Analysis and design of the trajectory of water droplets from... Volume 14, Issue 1, 1130647

Greek Letters

@i
P
0

trajectory angle [°]
air density [ka/m°]
exit angle [°]

Subscripts and Superscripts

D
w

drag
wind

Abbreviations

ET Evapotranspiration
GIS Geographic Information System
NDVI Normalised Difference Vegetation Index

NRMSE Normalised Root Mean Square Error
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